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1 Quantum Mechanical Vector Identities

(a) Begin by convincing yourself of the following identities:

[
xi , x j

]= 0[
pi , p j

]= 0[
xi , p j

]= i~δi j

(b) We define the dot product and the cross product as

a ·b = ai bi

(a×b)k = εi j k ai b j

Use this to show that

a ·b = b ·a+ [ai ,bi ]

(a×b)k =−(b×a)k +εi j k
[
ai ,b j

]
(c) Using the above identities, show that

L = r×p =−p× r,

r ·L = 0 = p ·L.

(d) Show that

(a×b)2 = a2b2 − (a ·b)2

−a j
[
a j ,bk

]
bk +a j [ak ,bk ]b j −a j

[
ak ,b j

]
bk −a j ak

[
bk ,b j

]
and verify that if

[
ai ,b j

]= γδi j and
[
bi ,b j

]= 0

(a×b)2 = a2b2 − (a ·b)2 +γa ·b

and use this to show that

L2 = r2p2 − (r ·p)2 + i~r ·p.
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Properties of Angular Momentum

(a) Show that [
Li , x j

]= i~εi j k xk[
Li , p j

]= i~εi j k pk

(b) Use the above relations to show that

p · (p×L) = 0

(p×L) ·p = 2i~p2

(p×L)2 = p2L2

x · (p×L) = L2

(p×L) ·x = L2 +2i~(p ·x)

The following identities of the Levi-Civita symbol will be useful:

εi j kεi pq = δ j pδkq −δ j qδkp ,

εi j kεi j q = 2δkq .
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