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IMPORTANT FORMULAE
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¢ Gamma function of half-integers

It is easy to show that

We can use this to find the value at other half-integers using
I'(z+1) = zI'(2).
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¢ Derivatives with respect to T and
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1 The microcanonical and canonical approaches

1.1 Calculating quantities using a microcanonical approach
In order to calculate quantities in the microcanonical ensemble, the general procedure is as follows:

e First, find the Hamiltonian of a single microstate in terms of the different x; and p; present in the
problem, writing
H(xyp)EH(xler)---)xf‘}Nrplrp2r-~-vp3N)- (7)

* Next, determine the accessible volume of phase space (subject to energy conservation) and calcu-
late the number of states in this volume:

Q(E,V,N) = thNfd?’Nxdepé(E—H(x,p)) :fd3Nxfd3Np. )
~—_—

E<H(x,p)<E+AE
* If the particles are indistinguishable, add an ad-hoc N! in the denominator:

o 1
deISt(E,V,N): WfdngdeNme_H(x’p)):fd3Nxfd3Np‘ 9)

R ——
E<H(x,p)<E+AE

e From Q(E, V, N), compute the entropy using

S(E,V,N) =InQ(E, V,N). (10)

¢ From the entropy, thermodynamic quantities can be extracted using
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¢ Using the above equations, we can compute the “thermodynamic” energy in terms of the thermo-
dynamic quantities, writing
U=(H)=E(SV,N). (12)

* Once we have U, T, and S, we can compute different thermodynamic potentials through Legendre

Transformations:
F(T,2V,N)=U-TS,

H(S,PN)=U+PV, (13)
G(T,PN)=U+PV-TS.

1.2 Calculating quantities using a canonical approach

In order to calculate quantities in the canonical ensemble for a system in contact with a thermal heat-bath
at some temperature T, the general procedure is as follows:

e First, find the Hamiltonian of a single microstate in terms of the different x; and p; present in the
problem, writing
H(xrp)EH(xlrx2)-”)x3Nrplrp2r---yp3N)~ (14)
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¢ Next, weight every point in phase space (no restrictions) and the Partition Function Z(T, V, N)

1
Z(T,V,N) = hs—Nfd3Nxfd3Npe_ﬁH(x’p) (15)

e If the particles are indistinguishable, add an ad-hoc N!in the denominator:

[ @ [ @ pepitn (16)

Z(T,V,N) = NN

e From Z(T,V, N), compute the free energy
F=-TInZ(T,V,N). a7

¢ From the free energy, thermodynamic quantities can be extracted using

S= (OF) P—(aF) and p= (aF) (18)
~\ar)un “\ov )y H="oN )1y

e From the probability distribution

e_.BEm
P = 7 (19)
we can find other ensemble quantities like
0
U=(E)=——InZ. 2
(E) 3p n (20)

¢ Again, using these quantities we can compute other thermodynamic potentials like H and G, if
necessary.

* We can also use the probability distribution to compute the variance in the energy, a%, which gives
us
0% =T*Cy. 21

We could also compute Cy using
Cy _ (68) _ 0°F 22)
T \or), or?%

2 Lattice of harmonic oscillators

Consider a square lattice of N identical 3-D harmonic oscillators with the same mass m and spring con-
stant k. We will attempt to solve this system statistically.

2.1 A microcanonical approach
(a) Begin by computing the energy of a single microstate.
(b) Constrain the energy and compute Q(E, V, N) for this lattice system.
(c) Find the entropy of this system, and use it to determine its temperature and pressure.
(d) Find the equation of state.
(e) Find Cy.
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2.2 A canonical approach
(a) As before, begin by computing the energy of a single microstate.
(b) By weighting the integral over phase space, compute Z(T, V, N) for this lattice system.
(c) Find the free-energy of this system, and use it to determine its entropy and pressure.
(d) Find the equation of state.
(e) Find Cy.
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