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1 The Einstein solid

(a)

(b)

(c)

In class, we saw how there were different models for crystals. Assuming the system to be a set of
3N 1D (or alternatively N 3D) uncoupled classical harmonic oscillators, Boltzmann showed in 1877
that the specific heat is given by 3N. Show this using the principle of equipartition of energy.

This result is known as the “Dulong-Petit” law, which states that the specific heats of crystals are
independent of temperature.

In reality, it was found experimentally that the specific heats of crystals were, in fact, sensitive to
temperature. Einstein was the first to explain this. The Einstein model considered the same system
as above, but with discrete energy levels, each having an energy given by

E,=

n+%)hw. 1)

Show that in such a system, the specific heat cy is a function of temperature.

For the Einstein solid, show that a characteristic temperature Tg exists such that when T > Tg, you
recover the Dulong-Petit law. Show that when T « Tf,

Tg\? T, T
cv~(?E) exp(—%), sothat cy —0 as T—E—>0. 2)

2 The Debye solid

While the discovery that the specific heat could be dependent on temperature was historically very impor-
tant, it was found that the low-temperature dependence of these systems was not accurate. Experimen-
tally, it was found that cy ~ T3 at low temperatures. Debye came up with a model to explain this by assum-
ing the oscillators were not uncoupled, but were in fact coupled. Instead of working with the individual
oscillator picture, Debye considered the normal modes of the system, and assumed that it was these nor-
mal modes that were independent quantum oscillators. However, from your study of oscillations, waves,
and optics, it should be clear that all these normal modes don’t have the same frequency.

(@)

Consider a 1D crystal lattice of some length L and some minimum spacing a. Classically, what are
the possible normal modes this system can have? If ¢, is the speed of sound in the material, show
that the different wave-vectors k;, allowed by the system are given by

nm

]Cn:T, n=1,2,3,... (3)

IEinstein actually did not including the zero-point energy of 1/2/iw, but we will not omit it here.
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Show that in such a system, because of the discrete lattice spacing a, there must exist some maxi-
mum wavenumber kmax.

Next, from your course on oscillations, waves, and optics, you should know that such normal modes
have a dispersion relation
w = csk, 4)

where c; is the speed of sound in the material. Use this to find the allowed values of w;, and show
that there must be a maximum frequency permitted for such a system.
Generalise your above results to 3D. Show that we now have a wave-vector

k=FkiX+k,y+kZ, (5)

with a dispersion relation:

CsTl
w=cslk| = ST\/n§+n§,+n§, where ny,ny,n;=1,2,3... (6)

Now, treat these harmonic oscillators as quantum oscillators with different frequencies w (k). Show
that the total energy in this system is given by

@

E=3Y (%hw(k) ALY ) :
k

ehw/T _ 1
(Note: The factor of 3 comes from the three spatial polarisations that these “phonons” possess.)

In order to make any headway, we must now find a way to perform the sum over k vectors. Show
that you can write
1 &k  4nv

kmax kmax
p— = 2 =
%_ 5 f I = @ fo k“dk fo glkdk. (8)

Where does the factor of 8 in the denominator come from? g(k) is the k—space density of states.

Use the above definition to show that
@D 1 hw
EZL d(l)(gh(!)‘i‘ m)g(a)), 9)

where g(w) is the w—space density of states. Argue that g(w)dw represents the number of normal
modes in the interval (v, w + dw).

We will now try to find the “maximum” frequency wp (the Debye frequency) by arguing that the
total number of normal modes for such a system is 3N. Using this fact, show that

wp 1/3
3N :f doglw) = wp=c; (6”27) . (10)
0

Use wp to compute E and therefore cy. Show that

T\3 Tp/T et
=9N|— dx ——. 11
v (Tp)fo Tl o2 (b

Show that you recover the Dulong-Petit law at T > Tp, and cy ~ T2 for low temperatures.



PHY3610 - Statistical Mechanics Monsoon 2023

3 Blackbody radiation

(a)

(b)

(c)

(d)

Much of the above argument for phonons also works for photons, if we consider a blackbody to be a
“box” with electromagnetic waves trapped in it. Identify what remains the same, and what changes.

From our earlier results, show that the density of states of photons is given by
_(V 2
gw=| 53| (12)

Use this density of states to compute the energy density of a blackbody, using the fact that the energy
of a photon is ¢(w) = hw.

Use this to show that the energy density can be written as
E) 4o
B _9p (13)
1% c

where o is Stephan’s constant. Derive an expression for ¢ in terms of the fundamental constants of
Physics.
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